Introduction.
The reflection of waves, such as seismic reflection for prospecting has been discussed in many papers and books. The methods used in practice all share the simplification that the discontinuity surface is replaced in the neighborhood of the shot point by its tangent plane, and it is only this tangent plane which is determined. We shall discuss here a mathematically exact and fairly simple graphical method of ' determining points of the discontinuity surface from a limited number of well chosen points of the time-distance surface. The velocity of the waves in the surface layer is assumed to be constant and known. 2. Notation. Introduce a set of rectangular axes in space such that the surface of the earth is the x, y plane and the positive z-axis points vertically downwards. Assume the velocity s of seismic waves to be constant and known in the surface layer down to a discontinuity surface D. Waves originating from a shot at the origin are reflected at D.
To each point F = (m, v, 0) on the surface of the earth there corresponds a value T of the time, viz. the time from the shot to the arrival of the reflected wave at F. Multiplying this time by the velocity s we obtain the total distance travelled by the wave. Speaking of the "time-distance surface" S we mean that w = sT is plotted against u, v.
According to the law of reflection the ellipsoid of revolution which is the locus of the points whose sum of the distances from the two points (0, 0, 0) and (u, v, 0) is equal to w is tangent to the surface D. In other words: D is the envelope of all these ellipsoids; the surfaces S and D are related by the contact transformation associating to each point (u, v, w) the above mentioned ellipsoid.
This transformation can of course be expressed by formulae connecting the equations of the surfaces and containing their partial derivatives. Since we can measure only a limited number of points of S, however, we try to avoid the computation of these partial derivatives. Our object is to indicate a construction by ruler and compass for points of D using only measurable data about S, in particular only a finite number of well chosen points of S. The last equation means that I is situated on one sheet of the hyperboloid of revolution H with foci F and and constant difference of distances from them equal to Aw. It is, more precisely, the sheet opening in the direction of descent of our line-element. The asymptotic cone belonging to this surface has its axis along the line FF1, and its apex is the midpoint of this segment.
Denoting by As the distance FFx, the opening of this cone is given by cos a = Aw/As. On the other hand, the slope of the line PPt with respect to the u, y-plane is given by tan r = Aw/As.
Hence, for Px tending to P along the line t, the hyperboloid H degenerates in a right circular cone C whose apex is at F, whose axis is the projection of the line t on the u, D-plane, and whose opening is found from cos a = tan r.
(1)
The above mentioned sheet of H containing I becomes that half of C which opens in the direction of descent of the line-element. We showed that the intersection CA of E and Ei is at the same time the intersection of E and H. These two surfaces intersect in a fourth order curve Kt consisting in general of two loops, one on either side of F, corresponding to the two halves of the cone C. The loop in the direction of descent of the line-element is a locus for the point R on the discontinuity surface where the wave traveling to F was reflected.
Since both of the surfaces E and C are symmetrical with respect to the u, y-plane the same is true for their intersection K4 . Hence the projection of Kt on the u, v-plane is a conic (more exactly, it consists of two arcs of a hyperbola).
If we know two line-elements through a point P on the time-distance surface (i.e., a tangent-plane) we are able to find the reflection point R by intersecting the two corresponding curves Kt (both of which lie on E). All the curves Kt originating from the oo1 line-elements which make up the tangent-plane of S intersect in the same points (there are 2 of these points, symmetrical with respect to the u, y-plane). This follows from the fact that the reflection point is uniquely determined by a point of S and its tangent plane.
4. Two special line-elements and the corresponding loci. For arbitrary line-elements this intersection of two fourth order curves is of course graphically too troublesome. We shall show, however, that in each tangent-plane of S there are two special lineelements yielding simple curves Kt .
(a) First locus for R. One of them is the line-element in radial direction: the axis of its corresponding cone C coincides with the axis of E, and Kt therefore degenerates in a pair of circles the planes of which are perpendicular to the line OF. We can find them graphically in the following way.
First, from the slope of the radial line-element we find the angle according to (1) by an obvious construction (See Fig. 1 ).
Fig. 1.
Then assume that OF is the direction of ascent of the time-distance surface in radial direction. The angle a is placed along the axis OF with its vertex at F and opening towards 0 (see Fig. 2 Hence Cx is a point of the ellipse in which the u, y-plane intersects E. As the line FQX is also a generating line of the cone C (because of the angle a), Cj is a point of Kt . For a time-distance surface descending in radial direction the distance w is measured off the line FQ1 in the opposite direction and we get other points Q2 and C2. If C[ and C2 denote the symmetric points of Cx and C2 with respect to the line OF, the segments CtC[ and C2C2 are the projections of the two circles of which Kt consists. CXC[ is the loop containing R if S is ascending in radial direction, otherwise it is C2C'2.
(b) Second locus for R . There is another choice of the line-element for which K4 is still simpler. For the direction of the level-line of the time-distance surface we have t = 0. From (1) we conclude therefore that a = 90°, which means that the corresponding cone C degenerates in a plane perpendicular to the projection of the level-line through F. Kt becomes then an ellipse the points of which are counted twice, and the projection of which on the u, v-plane is a segment which is another locus for the projection of R. This gives the interesting property that the projection of the reflection point is always on the normal n to the level-line of the time-distance surface.
The depth of R can easily be found by means of the semi circles over C1C( or C2C2. Our construction fails if CtC'i coincides with n. This can only happen if the level-line is itself radial. In this case we use for instance the line-element the projection of which is perpendicular to OF. Its angle r is the same as the angle of the tangent plane of S. The axis of its corresponding cone C is perpendicular to OF. Hence we have to intersect this cone [its opening is again found from (1)] with the circle C,C[ which is done by turning down the plane of the latter. As soon as we have a point of D we have also its tangent-plane: it coincides with the tangent-plane of the ellipsoid E. 5. Choice of the points on S. The accuracy of our construction depends largely on the accuracy with which the directions of the level-lines and the slopes of the radial sections can he found. If the discontinuity surface in a certain area A is to be found it is therefore advisable to place the recording instruments in several straight lines L, radiating from the shot-point over .4. From each line L, we obtain the graph of a radial section of the time-distance surface by joining the measured values w on Li by a smooth curve. From this curve the slopes r of the tangents can be found graphically. In the map of the area A, the level-lines can be drawn from the measured data.
For each seismometer we obtain one reflection point with its tangent-plane. However, for each intersection of a level-line with one of the lines L, which occurs in a "new" point (where no instrument was placed) we get another point of the discontinuity surface.
